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Abstract: This paper presents the optimization on the strength and 
homogeneity of magnetic field from superconducting Halbach Array 
magnet. Conventional Halbach Array uses a special arrangement of 
permanent magnets which can generate homogeneous magnetic field. 
Superconducting Halbach Array utilizes High Temperature 
Superconductor (HTS) to construct an electromagnet to work below 
its critical temperature, which performs equivalently to the permanent 
magnet based Halbach Array. The simulations of superconducting 
Halbach Array were carried out using H-formulation based on B-
dependent critical current density and bulk approximation, with the 
FEM platform COMSOL Multiphysics. The optimization focused on 
the coils’ location, as well as the geometry and numbers of coils on 
the premise of maintaining the total amount of superconductor. 
Results show Halbach Array configuration based superconducting 
magnet is able to generate the magnetic field with intensity over 1 
Tesla and improved homogeneity using proper optimization methods. 
Mathematical relation of these optimization parameters with the 
intensity and homogeneity of magnetic field was developed. 
 
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1. Introduction 
Since 20th century, superconducting magnets have become 
one of the most beneficial superconducting applications, 
which are widely utilized in Magnetic Resonance Imaging 
(MRI) and other biological equipments [1]. Superconducting 
magnets are able to generate magnetic fields with desirable 
homogeneity and strength up to tens of Tesla [1].  
In our previous research [2], we have proposed a compact 
superconducting magnet equipped in the Lorentz Force 
Electrical Impedance Tomography (LFEIT), which used the 
Halbach array configuration for the electromagnetic magnet 
[2, 3]. Halbach array is generally permanent magnet based due 
to the low cost and easy maintenance [4]. However, if Halbach 
magnet requires intensity more than 1 Tesla (T) which is 
necessary for a large-scale whole body scanner diagnostic 
LFEIT system, permanent magnets are not able to realise the 
portable functionality of LFEIT system due to their heavy 
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weight and large geometry [2]. Therefore, the concept of 
superconducting Halbach Array magnet has been reasonably 
raised: High Temperature Superconducting (HTS) coils are 
placed as Halbach array configuration, which is demonstrated 
in Fig. 1 [2]. Superconducting Halbach array has a thin depth 
in z direction in Fig. 1 (a) and (b), which could potentially 
realise the portability for medical imaging devices, e.g. LFEIT 
working for emergency diagnosis in an ambulance [2]. Based 
on the previous results, the superconducting Halbach Array is 
able to achieve average magnetic flux density over 1 T and 
acceptable inhomogeneity within 60 cm diameter circular 
cross-section for a potential full-body LFEIT system [2].  
 
 
 
 
Fig. 1. (a) Configuration of permanent magnets based Halbach Array. 
(b) Configuration of HTS coils based Halbach Array. (c) Configuration of 
superconducting Lorentz Force Electrical Impedance Tomography (LFEIT). 
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The quality of magnetic field, e.g. the strength and 
homogeneity, directly affect the imaging quality of biological 
tissues for LFEIT system [3, 5]. In our previous results, it has 
been deduced that the magnetic homogeneity can be improved 
by increasing the number of coils for Halbach arrangement 
while shrinking each coil’s size, but overall without changing 
the total amount of superconductor [2].  
To the best of our knowledge, there is no research on 
magnetic field optimization of superconducting magnet using 
the Halbach Array structure with HTS coils. This paper 
presents the further optimization on the coils’ location and 
numbers of coils on the premise of maintaining the total 
amount of superconductor, to obtain the better homogeneity of 
magnetic field in the center area of superconducting Halbach 
Array. Furthermore, the mathematical expressions are derived 
for inhomogeneity estimation with the relation of different 
numbers (up to infinity) of HTS coils and distance to Halbach 
ring center.  
2. Modelling of superconducting Halbach 
Array magnet 
2.1. H-formulation 
To model the superconducting Halbach Array, 2D 
H-formulation was used for the electromagnetic simulation, 
which calculates the solution of the induced current and 
magnetic field distribution on the basis on the (1) Faraday’s 
Law, (2) Ampere’s Law, (3) Ohm’s Law, (4) Constitutive Law  
and (5) E-J power law [6]: 
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where E is the electric field, B is the magnetic flux density, H 
is the magnetic field intensity, J is the current density,  is the 
resistivity, E0 is the characteristic electric field, 0 is the 
permeability of free space, r is the relative permeability, Jc is 
the critical current density and n is the factor for E-J power 
law. By rearranging (1), (2), (3), (4) and (5), a general form of 
2D partial differential equation (PDE) for dependent variables 
H can be computed by COMSOL Multiphysics: 
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2.2. Superconducting Halbach Arrray design 
Based on the Halbach Array ring configuration, the 
superconducting Halbach Array magnet was built using HTS 
coils. The modeling of superconducting Halbach was on the 
basis of the partial differential equation of H-formulation in 
(6). The 12 mm HTS tape with critical 300 A at 77 K, 
SuperPower SCS12050, was simulated as the coil material. As 
shown in Fig. 2 (a), (b) and (c), superconducting Halbach 
Array magnet consisted of 8, 12 and 16 HTS coils, which 
 
 
Fig. 2. Configuration of superconducting Halbach Array: (a) 8-coil, (b) 
12-coil, (c) 16-coil, (d) increasing numbers of coils 4N (N is the integer 
starting from 2) 
 
Fig. 3. Mesh for a 20-coil superconducting Halbach Array design. 
 Table 1 Specification for superconducting Halbach Array magnet 
Parameters Value 
Inner diameter 60 cm 
Outer diameter 156 cm 
Dc (distance from coils center to 
ring center) 
55 cm 
YBCO tape cross-section 12 mm × 0.1 mm 
Bulk approximation cross-section 48 mm × ratio of turns 
0 4π×10
-7 H/m 
n (E-J Power Law factor) 21 
Jc0 2.5 × 10
8 A/m2 
E0 10
-4 V/m 
Iapp 120 A 
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followed the rule of 4N (N is the integer starting from 2) for 
the numbers of coil. Each coils carried the same amount of 
current. Each coil had a 360/2N degree phase change to the 
next coil, for example: 90 degree for 8-coil structure, 60 
degree for 12-coil structure and 45 degree for 16-coil structure. 
The ideal direction of magnetic field generated from each coil 
is shown in Fig. 2. The specification of superconducting 
Halbach Array design is shown in Table 1. An example of 
mesh for 20-coil superconducting Halbach Array is illustrated 
in Fig. 3 (hidden air region outside the Halbach array was 
more than 100 times bigger).  
As the critical current of HTS tape has the anisotropic 
characteristics, we added the B-dependent critical current 
model to this design:  
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J0 is the critical current density in self-field, 77 K. 
Generally, the perpendicular component is much higher than 
the parallel component. In equation (7), k = 0.186 and 
B0 = 0.426 were chosen from previous work [2].  
Similar to our previous study, stacked coils with different 
layers of substrate and normal materials were represented by 
continuous area bulk approximation [7, 8], which can 
efficiently improve simulation and speed model convergence 
[9, 10]. The Physics function Pointwise constraint from 
general PDE model was used to inject transport current into 
the HTS coils, which forced the multiplication of the transport 
current Is with number of turns N equal to the integration of 
current density Js within bulk approximation over 
cross-section area A: 
 dAJNI ss                                  (8) 
Each bulk approximation had the cross-section of 48 mm 
width, which represented 4 vertical stack coils (4×12 mm). 
The bulk approximation thickness means the amount of turns, 
the higher thickness the more turns. Fig. 3 presents that the 
coils were fixed in the non-magnetic Halbach Array frame and 
within the liquid nitrogen at 77 K. An overall DC current with 
120 A for a single tape was applied using a ramp function to 
reach the peak current in the first 0.2 second and then 
maintained this DC value.  
3. Optimization and discussion 
The optimization is on the basis of without changing the 
total amount of superconductor, and increasing number of 
coils for Halbach arrangement by shrinking each coil’s size.  
Fig. 4 presents the most concerned part in this design, the 
2D center cross-section of superconducting Halbach with six 
cases (a) 8-coil, (b) 12-coil, (c) 16-coil, (d) 20-coil, (e) 24-coil, 
(f) 28-coil structures. It can be seen that for all six cases the 
direction of magnetic flux is almost in +y direction (the red 
arrow in Fig. 4), but the field direction is getting more 
normalized +y direction when the number of coils increases 
from 8 to 28, which is more obvious in the two end sides of 
X-axis. According to the surface and contour plot in Fig. 4, the 
flux density is relatively uniform in the most part of the ring, 
but there are still two high-intensity areas in the end of the 
radius along x-axis. From colour bars of Fig. 4 (a) to (f), it can 
be seen that the difference between maximum and minimum 
of magnetic flux density (Bmax-Bmin) decreases steadily from 
 
 
Fig. 4. Magnetic flux density (with direction and contour plot) in superconducting Halbach ring center cross-section: (a) 8-coil, (b) 12-coil, (c) 16-coil, (d) 20-coil, 
(e) 24-coil, (f) 28-coil. 
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0.68 T to 0.07 T, which implies that the magnetic field in the 
cross-section becomes more homogeneous. 
Fig. 5 illustrates the relationship between the magnetic flux 
density on diameter along X-axis and different numbers of 
coils from 8 to 28 (six cases). From comparison, it can be 
discovered that in the end sides the 8-coil case has much 
higher magnetic flux density and it decreases sharply when the 
number of coils increases, while the middle parts of curves 
always have the similar value with all these six cases. Fig. 6 
demonstrates the relationship between the magnetic flux 
density on diameter along Y-axis and six cases different 
numbers of coils from 8 to 28. With increasing the number of 
coils, both the end and the middle part of the curves become 
more and more flat, which could be clearly discovered from 
the comparison of 8-coil case (black curve) and the 28-case 
(purple curve). Overall, the inhomogeneity in both X-axis and 
Y-axis has been effectively reduced by this optimization 
method.  
Precisely, Fig. 7 shows as relationship between surface (2D) 
inhomogeneity ((Bmax-Bmin)/Baverage) of magnetic flux density 
in the Halbach ring center cross-section and six cases for 
different numbers of coils. The vertical axis of Fig. 7 is in 
terms of log-scale. When the distance to Halbach ring center is 
less than 10 cm, the 24-coil case and the 28-coil case have the 
inhomogenity in ppm (parts per million) level, which are less 
than 10
-3
. For the case of 28 coils, the inhomogeneity is below 
5×10
-2
 (50 ppk) in the entire region of Halbach ring center 
cross-section (60 cm diameter circular region). When distance 
to Halbach ring center is larger than 10 cm, the inhomogenity 
of 28-coil case is approximately 1 order lower than the 
inhomogenity of 8-coil case. The magnetic homogeneity has 
improved significantly with the increasing number of coils but 
maintaining the same total amount of superconductor.  
In order to further optimize the magnetic homogeneity in 
Halbach ring center cross-section, some mathematical relation 
between the inhomogeneity and increasing numbers of the 
coils could be investigated. The equation fitting results for the 
relation between the inhomogeneity, distance to Halbach ring 
center and numbers of the coils are: 
 DogeneityhomIn                         (9) 
  cnba  exp                          (10) 
  gnfe  exp                          (11) 
Equation (9) reveals that the inhomogeneity has the power 
law relation with the D (distance to Halbach ring center).  
and  are the variables for power law which related to the n 
(numbers of coils) in equation (10) and (11). Both  and  
have exponential relation with n and adding a constant, where 
a = 1.408E-4, b = -0.1556, c = 1.188E-05, e = 43.32, 
f = -0.5279, g = 2.022. 
From equation (9), (10) and (11), it can be deduced that 
although homogeneity can be improved by the increasing 
numbers of the coils, the efficiency of homogeneity 
enhancement will be weakened when n (numbers of coils) 
increase to high value. For instance, for D = 60 cm, the 
inhomogeneity of 32-coil case is approximately one order 
smaller than 8-coil case, but from the mathematical estimation 
the inhomogenity of 64-coil case is only about 10% smaller 
than 32-coil case, and it is estimated that further increase of 
numbers of coils become much less efficient to reduce the 
inhomogenity.  
 
Fig. 6. Relationship between the magnetic flux density on diameter along 
Y-axis and different numbers of coils (six cases: 8, 12, 16, 20, 24 and 28 
coils). 
 
Fig. 7. Relationship between surface (2D) inhomogeneity of magnetic flux 
density in the Halbach ring center cross-section and different numbers of 
coils (six cases: 8, 12, 16, 20, 24 and 28 coils). 
 
 
Fig. 5. Relationship between the magnetic flux density on diameter along 
X-axis and different numbers of coils (six cases: 8, 12, 16, 20, 24 and 28 
coils). 
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Therefore, it can be concluded that superconducting 
Halbach Array could potentially achieve homogeneous 
magnetic field in ppm level with the diameter less than 1/15 of 
its entire geometry (less than 10 cm distance to Halbach ring 
center), but it is difficult for superconducting Halbach Array 
to realise the magnetic inhomogeneity in ppm level in the 
entire region of Halbach ring center cross-section (60 cm 
diameter circular region), with the method of increasing the 
number of coils while using the same total amount of 
superconductor. Another potential concern is these returning 
field lines associated with the actual thin depth could further 
slightly affect the inhomogeneity in the actual 3D geometry. 
However, for LFEIT system a compact superconducting 
Halbach Array is still usable, because 100 ppk inhomogeneity 
is sufficient owing to that LFEIT obtains the characteristic of 
ultrasound imaging to realise accurate location of signals and 
does not require highly homogeneous magnetic field if the 
magnetic strength is around 1 T [2, 5]. Halbach Array 
configuration based superconducting magnet could still be a 
feasible solution for uniform magnetic field while requiring 
relatively compact geometry. 
4. Conclusion 
The concept of Halbach Array structure based 
superconducting magnet has been proposed to generate an 
appropriate homogeneous magnetic field. The simulation has 
been executed on the FEM platform of COMSOL 
Multiphysics, which consists of 2D models of 
superconducting Halbach Array magnet using H-formulation 
based on B-dependent critical current density and bulk 
approximation. The optimization on the magnetic 
homogeneity has been carried out to increase the number of 
coils for Halbach arrangement while shrinking each coil’s 
size, but still remain the total amount of superconductor. The 
mathematical relation between the inhomogeneity and 
increasing numbers of the coils has been derived using 
optimization results, which demonstrates that the magnetic 
homogeneity is able to be improved by the increasing the 
number of the coils, but the efficiency for homogeneity 
improvement will decrease when numbers of coils increase to 
high value. Overall, with this optimization method, Halbach 
Array configuration based superconducting magnet can 
potentially generate over 1 T uniform magnetic field with 
inhomogeneity in ppm level, which also has the advantage of 
relatively compact geometry. However, the fabrication 
difficulty and the optimization efficiency are needed to be 
taken into consideration. 
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